Surface hopping is the most popular method for nonadiabatic molecular dynamics. Many have reported that it does not rigorously attain detailed balance at thermal equilibrium, but does so approximately. We show that convergence to the Boltzmann populations is significantly improved when the nuclear velocity is reversed after a classically forbidden hop. The proposed prescription significantly reduces the total number of classically forbidden hops encountered along a trajectory, suggesting that some randomization in nuclear velocity is needed when classically forbidden hops constitute a large fraction of attempted hops. Our results are verified computationally using two-and three-level quantum subsystems, coupled to a classical bath undergoing Langevin dynamics. Published by AIP Publishing. [http://dx.
Since the 1990 paper of Tully, 1 surface hopping has become a major field both in its development and use for the study of nonadiabatic processes from single molecules all the way to bulk materials. 2, 3 As opposed to the mean-field method, 4, 5 surface hopping propagates the nuclear coordinate on a single surface corresponding to an active electronic state. Stochastic hops depend on population flux, which is the most important feature of the method. If hops were population-based, 6, 7 a trajectory could follow a mean-field due to excessive transitions. While this may be reasonable for deexcitation processes in materials with a high density of states, it is incorrect for processes such as scattering, 8 photoisomerization, [9] [10] [11] and photoionization 12 where motion on a single asymptotic surface is the underlying mechanism. The mean-field method also fails to realize the correct detailed balance at thermal equilibrium 13, 14 and the hopping mechanism of charge transport. 15 Surface hopping is a semiclassical theory. Major setbacks include zero-point motion and nuclear tunneling. Recent progress has been made to correct for overcoherence [16] [17] [18] [19] [20] [21] and second-and higher-order transitions. [22] [23] [24] [25] Despite the progress, most corrections apply to only a small subset of possible physical situations. Moreover, the fact that surface hopping does not stem from any rigorous theory without major assumptions 26 renders its domain of validity imprecisely defined. We study the treatment of classically forbidden (or frustrated) hops in the context of system-bath interactions.
Unlike mean-field, surface hopping approximately attains detailed balance. 13 In model studies, the quantum subsystem is coupled to a bath and equilibrates to the Boltzmann populations, albeit not rigorously. In fact, it is consistently shown that excited states are overpopulated, but that the deviation from Boltzmann diminishes in the case of small adiabatic splitting and/or strong nonadiabatic coupling. 27, 28 Detailed balance is attributed to the conservation of total quantum-classical energy. Although population flux may give rise to a target state, a transition cannot take place unless the classical coordinate has enough kinetic energy to surmount the energy barrier. This is known as a frustrated hop. Within fewest-switches surface hopping 1 (FSSH), a stochastic parameter, derived from the time-dependent Schrödinger equation, governs transitions. At thermal equilibrium, detailed balance is attained when (1) the ratio of attempted upwardto-downward transitions k α β /k βα is unity, and (2) the fraction of accepted upward transitions is the Boltzmann factor, exp (−∆/k B T), where ∆ > 0 is the energy gap between |α⟩ and | β⟩. Frustrated hops are somewhat of a paradox; on one hand, they violate the self-consistency requirement ensuring that the fraction of trajectories on each surface correspond to state populations, while on the other, they lead to nearly correct detailed balance.
The topic of frustrated hops, how to treat them, and their effects, has been discussed in only a handful of papers. [29] [30] [31] A method called fewest-switches with time uncertainty (FSTU) 30 allows a trajectory that experiences a frustrated hop to hop nonlocally to a region on the upper surface that is energetically accessible so long as the hopping point is within the time interval obtained by the time-energy Heisenberg uncertainty relation. Overall, FSTU improved electronicstate distributions when tested against a series of scattering processes with an electronically excited atom and a diatomic molecule. The treatment of nonlocal frustrated hops however, warranted further investigation.
A benchmarking of two prescriptions after frustrated hops was employed: leaving the component of nuclear velocity, along the direction of nonadiabatic coupling, in the same direction (+) or reversing (−) it. Findings showed that FSSH (+) and FSTU (+) are more accurate in predicting the average rotational and vibrational quantum numbers of the product diatomic molecule, whereas FSSH (−) and FSTU (−) predict more accurate nonadiabatic transition probabilities and branching ratios. 30, 31 A combination of these two prescriptions led to the ∇V prescription. 29 In this method, the components of momentum on the current surface and force on the target surface, along the direction of nonadiabatic coupling, are computed. A positive dot product leaves the nuclear velocity unchanged (+), and if negative, an impulse retards the trajectory, and the (−) treatment is used. Extensive studies concluded that FSTU∇V is the most successful in the series for trajectory-based surface hopping.
In this paper, we study FSSH(+) and FSSH(−), and find that detailed balance is more accurately attained with FSSH(−). We show that some randomization in the nuclear dynamics via reversal drives the system closer to the thermodynamic limit. This work addresses the concern that surface hopping falls short of detailed balance, and demonstrates that a simple correction can lead to a major improvement.
Within FSSH, populations evolve in the adiabatic representation according tȯ
where
is the population flux from |i⟩ to | j⟩, R SH is the classically governed nuclear coordinate, and d i j is the nonadiabatic coupling vector. A switch from surface |i⟩ to | j⟩ can take place when
is the stochastic parameter and ξ is a uniform random number between 0 and 1. If ξ >  j g i j , the system remains on the current surface. If a transition takes place, the nuclear velocity is rescaled along the nonadiabatic coupling vector. 32 We use a variation of a previously published two-level 13 model with energy gap ∆ ≈ 13 kJ/mol and nonadiabatic coupling d α β = −6 Å −1 . The two-level system is coupled to a single atom in a 20-atom linear chain, each of mass m = 12 amu. The atom farthest from the quantum subsystem is governed by the Langevin equation with a Gaussian random force of zero mean and width σ =  2γmk B T/∆t, where γ = 10 14 s −1 is a friction parameter, T is temperature, and ∆t is the simulation time-step. Nearest-neighbor interaction is given by the attractive Morse potential,
Here, V 0 = 175 kJ/mol and a = 4 Å −1 .
Simulations were carried out with 300 trajectories, each 50 ps in length, and with a time-step ∆t = 0.01 fs. All dynamical equations were integrated with fourth-order Runge-Kutta. Populations are averaged over the last 30 ps. A comparison against Boltzmann for temperatures ranging from 350 K to 2500 K is shown in Fig. 1 .
The distinction between reversing and not reversing is small, but noticeable nonetheless ( Fig. 1 ). Stronger deviations from Boltzmann have been reported when ∆ is doubled. 13 Here, we use a smaller gap to validate the claim that Boltzmann populations are more likely realized for small adiabatic splitting. 27, 28 This is true, but what is most remarkable is that, in spite of already excellent results, reversing the velocity improves detailed balance over nearly the entire range of temperatures, particularly at low temperature, where relative error is decreased by almost 20% (Fig. 1(c) ).
To accentuate deviation from Boltzmann, we use a three-level superexchange model. Superexchange constitutes a class of systems where two uncoupled low energy states are connected by an intermediate high-energy state. FSSH lacks superexchange (or single-step transitions between uncoupled states) because population flux is based on state-to-state transfer. Recent studies have shown this for calculations in the diabatic representation. 22 Furthermore, the Auger mechanism, which is a two-particle reaction involving simultaneous electron-hole transitions, is a form of superexchange. FSSH significantly underestimates the transfer rate in a semiconductor quantum dot where Auger relaxation is important. 22 The Auger channel of electron relaxation with hole traps has also been recently studied for a CdSe quantum dot. 33 In the superexchange model, energies and nonadiabatic couplings are ϵ 1 = 0, ϵ 2 ≈ 39, ϵ 3 ≈ 13 kJ/mol and d 12 = −6, d 23 = 8, and d 13 = 0 Å −1 , respectively. Clearly, |2⟩ is the intermediate high-energy state and, |1⟩ and |3⟩ are uncoupled. The model is challenging for FSSH, because transitions only occur between directly coupled states, as seen in b i j of Eq. (1). Therefore, to occupy |3⟩, the system must first make the transition |1⟩ → |2⟩, followed by |2⟩ → |3⟩. FSSH is bound to undergo a two-step process to populate |3⟩, making detailed balance more difficult to attain than in the two-level model. We expect to see stronger deviation from Boltzmann, since dispensable kinetic energy may not overcome the energy barrier ∆ 21 . Trajectories are 100 ps in length and populations are averaged over the last 30 ps. Results are shown in Fig. 2 .
As expected, FSSH deviates from Boltzmann. At low temperature, relative error is increased from 20% (Fig. 1(c) ) to 60% (Fig. 2(d) ). Similar to other works, excited states are overpopulated (also seen in Fig. 1) . 27, 28, 34 Reversing velocity significantly alleviates this problem. A couple questions arise: what effect does reversal have on attempted upward and downward transitions? Are the number of rejected hops from low-to high-energy surfaces sampling Boltzmann? The detailed balance condition is
where N α is the equilibrium population of |α⟩ and R α β (E α ) is the transition rate from |α⟩ to | β⟩ with energy E α (nuclear energy). The transition rate from |α⟩ to | β⟩ per unit time is
With energy between E α and E α + dE α , Eq. (5) becomes
Eq. (6) = ∆, the energy gap, where ϵ i is the adiabatic energy of |i⟩. This is what leads to detailed balance so long as the ratio of attempted upward and downward transitions is unity. The bracket ⟨. . .⟩ in Eq. (4) denotes an average over a conditional probability distribution, which predominantly depends on the probability of the current state (ρ αα in Eq. (6)). The energy of the atom coupled to the quantum subsystem is shown in Fig. 3(a) . PDF defines a normalized distribution, such that the integral over its entire domain is unity. One may conclude that the interplay between the quantum subsystem and its classical environment accurately recovers the Maxwell-Boltzmann distribution. We will show that this is not true without proper treatment of frustrated hops, but the qualitative description is important nonetheless. Figs. 3(b) and 3(c) show dynamical equilibration at 1600 K. Without reversal, |2⟩ and |3⟩ are overpopulated. Improvement is seen with reversal ( Fig. 3(c) ). Next, we consider state populations. A distribution of the target state's population, ρ β β , given that |α⟩ is occupied, is shown in Fig. 4 . We consider a two-level model with gap ∆ 21 and d 12 of the superexchange model. With reversal, the distributions are symmetric and centered around ≈0.5. Not surprisingly, |1⟩ → |2⟩ transitions are more affected by reversal due to frustrated hops. Without reversal, attempted transitions to the upper surface are accelerated due to large upper-state population. We are in agreement with Schmidt, Parandekar, and Tully that the ratio of the attempted upward and downward [transition] rates is actually greater than 1. 27 We qualitatively show this since ⟨ρ 22 ⟩ > 0.5 given that |1⟩ is occupied, while ⟨ρ 11 ⟩ < 0.5 given that |2⟩ is occupied. Implementing reversal suppresses the spurious upper-state population shown in Fig. 4(a) . In Figs. 4(b) and 4(d) , coherences, which also govern electronic transitions (as seen in Eq. (6)) are similarly distributed for the |1⟩ → |2⟩ and |2⟩ → |1⟩ transitions.
In the superexchange model, Boltzmann predicts N 2 /N 1 = exp(−0.015/k B T) ≈ 0.052 at 1600 K. The area of the histogram in Fig. 5(a) is 0.052 with reversal and 0.033 without reversal. Likewise, for the |3⟩ → |2⟩ transition in Fig. 5(b) , exp (−0.01/k B T) ≈ 0.139 compared to 0.138 and 0.079, respectively. Again, we agree that the fraction of accepted hops is lower than the expected values, exp (−∆/k B T). 27 Reversal induces a quantum backreaction, which homogenizes attempted transitions, and makes the classical coordinate more Maxwellian. The combination inherently recovers a more Boltzmann-like picture of thermal equilibrium. It is worth noting that reversal still shows signs of weakness in the low-temperature regime (Fig. 2) , as expected due to the inevitable energy barrier that FSSH faces in superexchange systems. To put things into perspective, 2500 K gives k B T almost 2 times smaller than ∆ 21 . Surpassing this barrier becomes a challenge, which explains why |1⟩ is slightly overpopulated at low temperatures. Global flux surface hopping 22 generalizes FSSH to undergo the superexchange process (|1⟩ → |3⟩ in a single time-step, overcoming the energy barrier) and improving both scattering 22 and detailed balance. 34 GFSH combined with velocity reversal is likely most superior, especially in the low-temperature regime.
The effect of frustrated hops on the nonadiabatic thermal rate constant in the spin-boson model was recently studied. 35 Results suggest that incorrect treatment of frustrated hops overestimates the rate in the limit of weak friction and diabatic couplings. Rates were improved with velocities reversed. In the strong frictional regime, ballistic transport provides more opportunities for successful hops, and as such, reversing velocity had minimal effect. In the large coupling regime, motion is predominantly along the lower adiabat, and contributions due to frustrated hops were not significant. We confirm that an excessive number of frustrated hops compromises dynamics (Table I) . The erroneous effect of frustrated hops is likely reduced in the limit of small adiabatic splitting and/or large nonadiabatic coupling.
In summary, classically forbidden electronic transitions affect dynamics within system-bath interactions. We find that reversing the nuclear velocity after a frustrated hop leads to better detailed balance in both two-and threelevel (superexchange) models. Our three-level model is a challenging test for detailed balance since hops must undergo a high-energy intermediate. By adding some randomization via reversal, the ratio of attempted upward-to-downward transitions approaches unity and the number of frustrated hops is greatly reduced. Our findings are important for electronphonon relaxation, phonon-assisted transport, superexchange phenomena, phonon-assisted Auger processes, and other types of electron and exciton dynamics. The choice of a semiclassical theory is motivated by a trade-off between feasibility of implementation and rigor. Treatment of the classical coordinate within trajectory-based surface hopping merits improvement, and this work provides insight for studies at thermal equilibrium. Although reversal improves detailed balance, more work is needed to determine if it has adverse effects on dynamics. 
